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Knots and Links

Definition

A knot K is defined as the image of a smooth, injective map
h:S' — S3 so that h'(0) # 0 for all 6 € St
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Knots and Links

Definition

A link L € S3 is a smooth 1-dimensional submanifold of S3 such
that each component of L is a knot and there are only finitely
many components.
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Knots and Links

When are two knots(or links) regarded as same or
different?
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Knots and Links

Definition (Ambient Isotopy)

Two links L; and Ly in S3 are said to be ambient isotopic if there
exists a smooth map F : S3 x [0,1] — S3 such that
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Knots and Links

Definition (Ambient Isotopy)

Two links L; and Ly in S3 are said to be ambient isotopic if there
exists a smooth map F : S3 x [0,1] — S3 such that

(1) F|53><{0} = I'd’53 :§3 5 S3.
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Knots and Links

Definition (Ambient Isotopy)

Two links L; and Ly in S3 are said to be ambient isotopic if there
exists a smooth map F : S3 x [0,1] — S3 such that

o F|53><{0} = I'd’53 . 53 — 53.
Q Fls3cqy(L1) = Lo
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Knots and Links

Definition (Ambient Isotopy)

Two links L; and Ly in S3 are said to be ambient isotopic if there
exists a smooth map F : S3 x [0,1] — S3 such that

o F|53><{0} = I'd’53 . 53 — 53.

Q@ Flssxqy(L1) = Lo

Q Flssu(y is a diffeomorphism Vt € [0, 1]
@ F is smooth.
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Knots and Links

Definition (Ambient Isotopy)

Two links L; and Ly in S3 are said to be ambient isotopic if there
exists a smooth map F : S3 x [0,1] — S3 such that

o F|53><{0} = I'd’53 . 53 — 53.

Q Fls3cqy(L1) = Lo

Q Flssu(y is a diffeomorphism Vt € [0, 1]
o

F is smooth.

@ Ambient isotopy induces an equivalence relation between links.

@ Knot Equivalence Problem: Given two knots K; and K, are
they ambient isotopic to each other?

@ Unknotting Problem: Given two knot, is it ambient isotopic to
the unknot?
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Knots and Links

Stable Equivalence of Links

Siddhartha Gadgil and T. V. H. Prathamesh Knots, Braids and First Order Logic



Knots and Links

Stable Equivalence of Links

A link L’ is said to be a stabilisation of a link L if the following
conditions hold.
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Knots and Links

Stable Equivalence of Links

A link L’ is said to be a stabilisation of a link L if the following
conditions hold.

Q@ L'=LUL” with L” disjoint from L.
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Knots and Links

Stable Equivalence of Links

A link L’ is said to be a stabilisation of a link L if the following
conditions hold.

Q@ L' =LuUL"” with L” disjoint from L.

@ There is a collection of disjoint, smoothly emrs)edded discs

D ={Dy,D,,...,D,} in S3\ L, with L” = | 9D;
=1

1
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Knots and Links

Stable Equivalence of Links

Definition
A link L’ is said to be a stabilisation of a link L if the following
conditions hold.
Q@ L' =LuUL"” with L” disjoint from L.
@ There is a collection of disjoint, smoothly embedded discs
D = {D1,D,,...,D,} in S3\ L, with L" = ’ 0D;
=1
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Knots and Links

Definition (Stable equivalence of links)

Two links L; and L; are said to be stably equivalent, denoted
Ly = Ly, if there are stabilisations L} and L) of L; and Ly,
respectively, that are ambient isotopic.
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Knots and Links

Definition (Stable equivalence of links)

Two links L; and L; are said to be stably equivalent, denoted
Ly = Ly, if there are stabilisations L} and L) of L; and Ly,
respectively, that are ambient isotopic.

If K1 and K; are knots (regarded as links), then K1 = Ky if and
only if Ky is ambient isotopic to K>.
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Link Axioms

Link Axioms (First Order Logic with Equality)

Consider a language with signature (-, T,=,1,0,5) such that - is a
2-function ,T is a 1-function, = is a 2-predicate, while 1,0 and &
are constants.
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Link Axioms

Link Axioms (First Order Logic with Equality)

Consider a language with signature (-, T,=,1,0,5) such that - is a
2-function ,T is a 1-function, = is a 2-predicate, while 1,0 and &
are constants.

@ Group Axioms(for closed terms)
Q Vx,y,z (x:(y-2) =((xy)-2)
Q Vx 1 - x=x
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Link Axioms

Link Axioms (First Order Logic with Equality)

Consider a language with signature (-, T,=,1,0,5) such that - is a
2-function ,T is a 1-function, = is a 2-predicate, while 1,0 and &
are constants.

@ Group Axioms(for closed terms)
Q Vx,y.z (x-(y-z)=((xy)z) @ Shift operation
Q Vx l-x=x Q@ Vx,y T(x-y)=T(x) T(y)
Q Vx x-1=x Q T(e)=e

Qo c=0-0=1
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Link Axioms

Link Axioms (contd.)

@ Braid axioms
Qo T(0)-o=T(o) 0-T(0)
@ Vb o-T%b)=T(b) o
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Link Axioms

Link Axioms (contd.)

@ Equivalence relation

@ Braid axioms Q Vx x=x
Qo -T(0)-o=T(0)-0-T(0) QVx,y x=y = y=x
@ Vb o-T?b)=T23b) o Q Vx,y,z x=yANy=z —
xX=z
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Link Axioms

Link Axioms (contd.)

@ Equivalence relation
Q Vx x=x
Q Vx,y x=y = y=x

@ Braid axioms
Qo -T(0) o=T(0) 0 T(0)
Q@ Vb o-T*b)=T3b) o Q Vxy,z x=yAy=z =
X=z

@ Markov moves
Q Vx,y,z y-z=1—= x=y-x-z
Q Vx x=o0-T(x)
Q Vx x=5-T(x)
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Link Axioms

Link Axioms (contd.)

@ Equivalence relation
Q Vx x=x
Q Vx,y x=y = y=x

@ Braid axioms
Qo -T(0) o=T(0) 0 T(0)
Q@ Vb o-T*b)=T3b) o Q Vxy,z x=yAy=z =
X=z

@ Markov moves
Q Vx,y,z y-z=1—= x=y-x-z
Q Vx x=o0-T(x)
Q Vx x=5-T(x)

These axioms will be called /ink axioms and any model of these
axioms will be called a link model.
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Algebraic Formulation of Knot Theory

Algebraic Formulation of Knot Theory

Definition

The n-braid group B, is the group generated by 01,02,...,0,-1
with the relations
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Algebraic Formulation of Knot Theory

Algebraic Formulation of Knot Theory

Definition

The n-braid group B, is the group generated by 01,02,...,0,-1
with the relations

Qoi-ogj=0j-0;,where1 </, j<n—-11i>j+2.
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Algebraic Formulation of Knot Theory

Algebraic Formulation of Knot Theory

Definition

The n-braid group B, is the group generated by 01,02,...,0,-1
with the relations

Qoi-ogj=0j-0;,where1 </, j<n—-11i>j+2.

Q Oj*0j+1°0j =041 0; " 0j41, where | <n-— 2.
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Algebraic Formulation of Knot Theory

Algebraic Formulation of Knot Theory

Definition

The n-braid group B, is the group generated by 01,02,...,0,-1
with the relations

Qoi-ogj=0j-0;,where1 </, j<n—-11i>j+2.

Q Oj*0j+1°0j =041 0; " 0j41, where | <n-— 2.

Definition

An element of Upcn B, is called a braid.
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Algebraic Formulation of Knot Theory

Every element of the braid group B, is associated to a diagram.
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Algebraic Formulation of Knot Theory

Every element of the braid group B, is associated to a diagram.

NN AV

> A
2 i i+1 n
2 i/i+1 n
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Algebraic Formulation of Knot Theory

Every element of the braid group B, is associated to a diagram.

2 i i+1 n
| /
2 i i+1 n
|| | ||
X'y%|' I X ||
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Algebraic Formulation of Knot Theory

Every element of the braid group B, is associated to a diagram.

2 i i+1 n
| /
2 i i+1 n
|| | ||
X'y%|' I X ||
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Algebraic Formulation of Knot Theory

We can associate a link A(b, m) to the braid b € B, by closing up
the diagram associated to a braid and smoothening the sharp
edges.
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Algebraic Formulation of Knot Theory

We can associate a link A(b, m) to the braid b € B, by closing up
the diagram associated to a braid and smoothening the sharp

edges.
7

\

Siddhartha Gadgil and T. V. H. Prathamesh Knots, Braids and First Order Logic



Algebraic Formulation of Knot Theory

We can associate a link A(b, m) to the braid b € B, by closing up
the diagram associated to a braid and smoothening the sharp

LY

Siddhartha Gadgil and T. V. H. Prathamesh Knots, Braids and First Order Logic



Algebraic Formulation of Knot Theory

We can associate a link A(b, m) to the braid b € B, by closing up
the diagram associated to a braid and smoothening the sharp

X

This gives a function A from the set B {(b,m) : b € By} to the
set of links .

Siddhartha Gadgil and T. V. H. Prathamesh Knots, Braids and First Order Logic



Algebraic Formulation of Knot Theory

We can associate a link A(b, m) to the braid b € B, by closing up
the diagram associated to a braid and smoothening the sharp

X

This gives a function A from the set B {(b,m) : b € By} to the
set of links .

Theorem (Alexander)

For every link L, there is an integer m > 1 and a braid B € By, so
that L is ambient isotopic to \(b, m).
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Algebraic Formulation of Knot Theory

Definition (Markov Equivalence)

The equivalence relation on B generated by the relations
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Algebraic Formulation of Knot Theory

Definition (Markov Equivalence)

The equivalence relation on B generated by the relations
e Va,b € By, (b,m) ~ (aba~1, m).
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Algebraic Formulation of Knot Theory

Definition (Markov Equivalence)

The equivalence relation on B generated by the relations
e Va,b € By, (b,m) ~ (aba~1, m).
e Vb e By, (by,m) ~ (bom, m+1).
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Algebraic Formulation of Knot Theory

Definition (Markov Equivalence)

The equivalence relation on B generated by the relations
e Va,b € By, (b,m) ~ (aba~1, m).
e Vb e By, (by,m) ~ (bom, m+1).
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Algebraic Formulation of Knot Theory

Definition (Alternative Formulation of Markov Equivalence)
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Algebraic Formulation of Knot Theory

Definition (Alternative Formulation of Markov Equivalence)

o Va,b € By, m>1, (b,m) = (aba~t, m).
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Algebraic Formulation of Knot Theory

Definition (Alternative Formulation of Markov Equivalence)
o Va,b € By, m>1, (b,m) = (aba~t, m).

o For ik <m—1, ([I}L; 05, m) = (o1 [ [}k 05 g, m+ 1)
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Algebraic Formulation of Knot Theory

Definition (Alternative Formulation of Markov Equivalence)

o Va,b € By, m>1, (b,m) = (aba~t, m).

o For ik <m—1, ([I}L; 05, m) = (o1 [ [}k 05 g, m+ 1)

o For iy <m—1, ([[}, ojF, m) = (o7 T, o, m+1).
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Algebraic Formulation of Knot Theory

Definition (Alternative Formulation of Markov Equivalence)
o Va,b¢c B, m>1, (b,m)=(aba~l, m).
o For ik <m—1, ([I}L; 05, m) = (o1 [ [}k 05 g, m+ 1)

o For iy <m—1, ([[}, ojF, m) = (o7 T, o, m+1).

Theorem (Markov)

Fori=1,2, let m; > 1 be integers and b; € By,;. Then the links
A(b1, m1) and A(ba, my) are isotopic if and only if
(b1, my) ~ (b2, m2).
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Algebraic Formulation of Knot Theory

Definition (Stable Equivalence of Braids (~))

The equivalence relation on B generated by the relations
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Algebraic Formulation of Knot Theory

Definition (Stable Equivalence of Braids (~))

The equivalence relation on B generated by the relations
® Vf1, 02 € B such that 51 ~ B2, f1 = 2.
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Algebraic Formulation of Knot Theory

Definition (Stable Equivalence of Braids (~))

The equivalence relation on B generated by the relations

) Vﬁl,ﬁz € B such that ﬂl ~ ﬂz , ﬁl ~ ﬂz.
@ mi, my € N such that b € By, Bm,, (b, m) ~ (b, my)
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Algebraic Formulation of Knot Theory

Definition (Stable Equivalence of Braids (~))

The equivalence relation on B generated by the relations

) Vﬁl,ﬁz € B such that ﬂl ~ ﬂz , ﬁl ~ ﬂz.
@ mi, my € N such that b € By, Bm,, (b, m) ~ (b, my)

Two links are stably equivalent if and only if given A(by, m1) = h
and \(by, my) = b, then (by, my) =~ (b, my).

Siddhartha Gadgil and T. V. H. Prathamesh Knots, Braids and First Order Logic



Stable Links and Infinite Braids

Stable Links and Infinite Braids
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Stable Links and Infinite Braids

Stable Links and Infinite Braids

Definition
The braid group By is the group generated by the set {o;}ien
with the relations

(% ] gj:0j=0j-0j, where i,j e N, i > j+2

Qo Oj 0jy10j =0j41 " 0j 0jt1, where | € N.
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Stable Links and Infinite Braids

Stable Links and Infinite Braids

Definition

The braid group By is the group generated by the set {o;}ien
with the relations

Qo Oj 0jy10j =0j41 " 0j 0jt1, where | € N.

Definition (Shift Operator)

T : Bso = By is a group homomorphism such that

@) = @i
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Stable Links and Infinite Braids

Stable Links and Infinite Braids

Definition

The braid group By is the group generated by the set {o;}ien
with the relations

Qo Oj 0jy10j =0j41 " 0j 0jt1, where | € N.

Definition (Shift Operator)

T : Bso = By is a group homomorphism such that

@) = @i

Siddhartha Gadgil and T. V. H. Prathamesh Knots, Braids and First Order Logic



Stable Links and Infinite Braids

Definition (Bs-Stable Equivalence)

B.o-Stable Equivalence is the equivalence relation = on the group
B which is generated by the relations

@ Fora,be By, aba !l =
@ For be By, b=o01T(b).
@ For b€ By, b= 0,1 T(b).
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Stable Links and Infinite Braids

Definition (Bs-Stable Equivalence)

B.o-Stable Equivalence is the equivalence relation = on the group
B which is generated by the relations

@ Fora,be By, abat=b.
@ For be By, b=o01T(b).
@ For b€ By, b= 0,1 T(b).

Theorem (Main Theorem 1)

There is a surjective function N\ : By, — L, where L is the set of
links upto stable equivalence, such that for braids by, by € By,
N(b1) = N(b2) if and only if by = by.
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Stable Links and Infinite Braids

@ Group Axioms(for closed terms)
Q vx,y,z (x:(y-2) = ((x-y)-2)
Q Vx 1-x=x
Q@ Vx x-1=x

Qo o=0-0=1
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Stable Links and Infinite Braids

@ Group Axioms(for closed terms)
O Vx,y.z (x-(y-z)=((x-y)z) ® Shift operation
Q@ Vx l.-x=x QO Vxy T(x-y)=T(x)-T(y)
Q@ Vx x-1l=x Q T(e)=e

Qo c=0-0=1
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@ Group Axioms(for closed terms)
O Vx,y.z (x-(y-z)=((x-y)z) ® Shift operation
Q@ Vx l.-x=x QO Vxy T(x-y)=T(x)-T(y)
Q@ Vx x-1l=x Q T(e)=e

Qo c=0-0=1
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Stable Links and Infinite Braids

@ Braid axioms
Qo T(o) o=T(0) 0 T(0)
Q@ Vb, o-T?b)=T23b) o
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Stable Links and Infinite Braids

@ Equivalence relation

@ Braid axioms O Vx x=x
Qo - T(0)-o=T(c) o-T(o) Q Vx,y x=y = y=x
Q@ Vb, o-T*b)=T?(b) o Q Vx,y,z x=yAy=z =
X=z
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Stable Links and Infinite Braids

@ Equivalence relation
@ Braid axioms O Vx x=x

Qo T(o) o=T(0) 0 T(0)
Q Vb, o-T?b)=T3(b) o

Q Vx,y x=y — y=x

Q Vx,y,z x=yANy=z —
X=z
@ Markov moves
Q VVy,z yz=1 = x=y-x-z
Q@ Vx x=o0-T(x)
Q Vx x=5-T(x)
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Stable Links and Infinite Braids

@ Equivalence relation

@ Braid axioms O Vx x=x
Qo - T(0)-o=T(c) o-T(o) Q Vx,y x=y = y=x
Q@ Vb, o-T*b)=T?(b) o Q Vx,y,z x=yAy=z =

X=z

@ Markov moves
Q VVy,z yz=1 = x=y-x-z
Q@ Vx x=o0-T(x)
Q Vx x=5-T(x)

Theorem (Main Theorem 2)

(Boo; T+, =, 01,07 %) is a link model.
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@ Equivalence relation

@ Braid axioms O Vx x=x
Qo - T(0)-o=T(c) o-T(o) Q Vx,y x=y = y=x
Q@ Vb, o-T*b)=T?(b) o Q Vx,y,z x=yAy=z =

X=z

@ Markov moves
Q VVy,z yz=1 = x=y-x-z
Q@ Vx x=o0-T(x)
Q Vx x=5-T(x)

Theorem (Main Theorem 2)

(Boo; T+, =, 01,07 %) is a link model.
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Canonical Model
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Infinite Braids as a Canonical Model

Canonical Model

Definition (Canonical Model)

For any signature S and a set of sentences T in the language L, a
structure A is said to be the canonical model if
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Canonical Model

Definition (Canonical Model)

For any signature S and a set of sentences T in the language L, a
structure A is said to be the canonical model if

e AET
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Infinite Braids as a Canonical Model

Canonical Model

Definition (Canonical Model)

For any signature S and a set of sentences T in the language L, a
structure A is said to be the canonical model if
e AET
@ Every element of A is of the form tA, where t is a closed term
of L.
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Infinite Braids as a Canonical Model

Canonical Model

Definition (Canonical Model)

For any signature S and a set of sentences T in the language L, a
structure A is said to be the canonical model if

e AET

@ Every element of A is of the form tA, where t is a closed term
of L.

e If Bis an L-structure and B = T, there is a unique
homomorphism of structures f : A — B.
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Infinite Braids as a Canonical Model

Canonical Model

Definition (Canonical Model)

For any signature S and a set of sentences T in the language L, a
structure A is said to be the canonical model if
e AET
@ Every element of A is of the form tA, where t is a closed term
of L.

e If Bis an L-structure and B = T, there is a unique
homomorphism of structures f : A — B.

Theorem (Main Theorem 3)

(Boo, T, =, 01, 01_1) is a canonical model for link axioms.
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Implications
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Infinite Braids as a Canonical Model

Implications

@ For two closed terms a and b in the carrier set of a link model
M and their respective preimages x and y in B, (under the
canonical homomorphism), if =(a = b) then =(x = y). Thus
the links corresponding to x and y are different in the sense of
stable equivalence and thus upto ambient isotopy.
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Infinite Braids as a Canonical Model

Implications

@ For two closed terms a and b in the carrier set of a link model
M and their respective preimages x and y in B, (under the
canonical homomorphism), if =(a = b) then =(x = y). Thus
the links corresponding to x and y are different in the sense of
stable equivalence and thus upto ambient isotopy.

@ The finite models correspond to the embeddings of
(Zp,+,1d,=,0,1,n — 1) in monoids.
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Infinite Braids as a Canonical Model

Implications

@ For two closed terms a and b in the carrier set of a link model
M and their respective preimages x and y in B, (under the
canonical homomorphism), if =(a = b) then =(x = y). Thus
the links corresponding to x and y are different in the sense of
stable equivalence and thus upto ambient isotopy.

@ The finite models correspond to the embeddings of
(Zp,+,1d,=,0,1,n — 1) in monoids.

@ However in the finite models, all the closed terms are markov
equivalent to each other.
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Infinite Braids as a Canonical Model

Implications

@ For two closed terms a and b in the carrier set of a link model
M and their respective preimages x and y in B, (under the
canonical homomorphism), if =(a = b) then =(x = y). Thus
the links corresponding to x and y are different in the sense of
stable equivalence and thus upto ambient isotopy.

@ The finite models correspond to the embeddings of
(Zp,+,1d,=,0,1,n — 1) in monoids.

@ However in the finite models, all the closed terms are markov
equivalent to each other.

@ This formulation enables us to formulate knot theory in terms
of first order logic and thus renders it implementable in
Automated Theorem Provers.
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