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Algebraic method for solving polynomial equations

» K[x1,...,xp] = K[x] = R the multivariate polynomial ring over the
field K.

» (fi,...,fs) = | the ideal generated by the polynomials fi, ..., fs to
solve.
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Algebraic method for solving polynomial equations

» K[x1,...,xp] = K[x] = R the multivariate polynomial ring over the
field K.

» (fi,...,fs) = | the ideal generated by the polynomials fi, ..., fs to
solve.

Objective: construct
» A C R described by a basis B,

» a projection 7 : R — A such that the following sequence is exact:

0=-1—=-RSZA-O.
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Algebraic method for solving polynomial equations

» K[x1,...,xp] = K[x] = R the multivariate polynomial ring over the
field K.

» (fi,...,fs) = | the ideal generated by the polynomials fi, ..., fs to
solve.

Objective: construct
» A C R described by a basis B,

» a projection 7 : R — A such that the following sequence is exact:

0=-1—=-RSZA-O.

Then R=A@land A=R/l ~A=imm, | = kerm.
For p € R, w(p) € A is the normal form of p.

Normal form algorithms: Grobner basis, H-basis, Janet basis, Border

basis . ..
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Border basis
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Border basis
”e » B a set of monomials connected to 1

(1eB,Vme B\ {1} 3m € B, i € [1,n] st.
m = m'x;).

» Bt =BUxBU---Ux,B, 0B= B* — B.
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Border basis
”e » B a set of monomials connected to 1

(1eB,Vme B\ {1} 3m € B, i € [1,n] st.
m = m'x;).

» Bt =BUxBU---Ux,B, 0B= B* — B.

Let d > 2, let B be a subset of M connected to 1, let

7:(BT)<g — (B)<4 be a projection and let F be the rewriting family of
.

The following conditions are equivalent:
o (MioMj_MjOMi)|<B>Sd_2 =0forl<i<j<n,

@ there exists a unique projection 7 : R<q — (B)<qg such that the
restriction of & to (Bt)<y is w and ker # = (F{S9)),
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”e » B a set of monomials connected to 1
(1eB,Vme B\ {1} 3m € B, i € [1,n] st.

m = m'x;).

» Bt =BUxBU---Ux,B, 0B= B* — B.

Let d > 2, let B be a subset of M connected to 1, let

7:(BT)<g — (B)<4 be a projection and let F be the rewriting family of
.

The following conditions are equivalent:
o (MioMj_MjOMi)|<B>Sd_2 =0forl<i<j<n,

@ there exists a unique projection 7 : R<q — (B)<qg such that the
restriction of & to (Bt)<y is w and ker # = (F{S9)),

1= Can be checked easily by reducing the commutation polynomials.
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Border basis
”e » B a set of monomials connected to 1
(1eB,Vme B\ {1} 3m € B, i € [1,n] st.

m = m'x;).

» Bt =BUxBU---Ux,B, 0B= B* — B.

Let d > 2, let B be a subset of M connected to 1, let

7:(BT)<g — (B)<4 be a projection and let F be the rewriting family of
.

The following conditions are equivalent:
o (MioMj_MjOMi)|<B>Sd_2 =0forl<i<j<n,

@ there exists a unique projection 7 : R<q — (B)<qg such that the
restriction of & to (Bt)<y is w and ker # = (F{S9)),

1= Can be checked easily by reducing the commutation polynomials.
v= Border basis iff (1) applies for any d > 2.
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Recovering the roots by eigenvector computation
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Recovering the roots by eigenvector computation

Hypothesis: V() = {¢1,...,¢} © A =K]x]// of dimension D < oo
over K.

Operators of multiplication:

M A = A Mg:.zzl\ — ./Zl\
u — au AN — a-AN=ANoM,
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Recovering the roots by eigenvector computation

Hypothesis: V(/) = {¢1,...,¢} < A =K][x]/I of dimension D < oo
over K.

Operators of multiplication:

My A - A ME:A - A
u — au AN — a-AN=ANoM,

Their representation in the basis B = {b;,...,bp} of A:

M, = [r(ab))ili<ij<p, M5 = [r(abi)jli<ij<p-
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Recovering the roots by eigenvector computation

Hypothesis: V() = {¢1,...,¢} © A =K]x]// of dimension D < oo
over K.

Operators of multiplication:

My A = A Mg:dzl\ — _,Zl\
a-

u +— au

AN o= AN=No M,

Their representation in the basis B = {b;,...,bp} of A:

M, = [r(ab))ili<ij<p, M5 = [r(abi)jli<ij<p-

» The eigenvalues of M, are {a((1),-..,a(¢r)}-

> The eigenvectors of all (M})a.c.a are (up to a scalar) 1¢, : p — p((;).
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Recovering the roots by eigenvector computation

Hypothesis: V() = {¢1,...,¢} © A =K]x]// of dimension D < oo
over K.

Operators of multiplication:

My A - A ME:A - A
a.

u +— au

AN o= AN=No M,

Their representation in the basis B = {b;,...,bp} of A:

M, = [r(ab))ili<ij<p, M5 = [r(abi)jli<ij<p-

» The eigenvalues of M, are {a((1),-..,a(¢r)}-

> The eigenvectors of all (M})a.c.a are (up to a scalar) 1¢, : p — p((;).

In practice, take some a in (xq,

B. Mourrain

ey Xn)-
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Duality
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Duality

O The dual de K[x] is K[x]* = {A : K[x] — K, linear }.
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Duality
O The dual de K[x] is K[x]* = {A : K[x] — K, linear }.
O K[[x]]* = K][[d4, . ..,dn]]

A=) Ax*)d

aeN”n

where (d),enn is the dual basis of (x)aenn.
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Duality
O The dual de K[x] is K[x]* = {A : K[x] — K, linear }.

O K[[x]]* = K[[dy, ..., dn]].

A=) Ax*)d

aeN”?

where (d),enn is the dual basis of (x)aenn.

O The K[x]-module structure:
Va € K[x], VA € K[x]*,

a-N:bw a-Nb)=ANA(ab)
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Duality
O The dual de K[x] is K[x]* = {A : K[x] — K, linear }.

O K[[x]]* = K[[dy, ..., dn]].

A=) Ax*)d

aeN”?

where (d),enn is the dual basis of (x)aenn.

O The K[x]-module structure:
Va € K[x], VA € K[x]*,

a-N:bw a-Nb)=ANA(ab)

Example: x; -d'd3? ---d%n = d9'1dS2 - d% if a; > 0 and 0 otherwise.
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Examples

> p > p(() represented by the series 1o = > n (¥ d®.

v

p > 07" - 997(p)(0) represented by a!d®.

n

v

p — coefficient of x* in 7(p).

v

p— Jopdpu.
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Our objective

Exploit the properties of the dual
A*={AN:K[x] = K|A(/) =0} =/+

of A =XK]x]/I to find the roots V(/) = {(1,...,(r}-
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Our objective

Exploit the properties of the dual
A*={AN:K[x] = K|A(/) =0} =/+

of A =XK]x]/I to find the roots V(/) = {(1,...,(r}-

Outline

© Properties
© Applications
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Moment matrices and Hankel operators
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Moment matrices and Hankel operators

» For A € E* where E = (x*), the moments are A\(x*) € K for
ac ACN
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Moment matrices and Hankel operators

» For A € E* where E = (x*), the moments are A\(x*) € K for

acACN",
» For Eq, E> such that E1 - E; C E and A € E*, the associated

truncated Hankel operator is
HUVPR B — B

p — p-A
where p-A:qg— A(pq).
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Moment matrices and Hankel operators
» For A € E* where E = (x*), the moments are A\(x*) € K for

acACN",
» For Eq, E> such that E1 - E; C E and A € E*, the associated

truncated Hankel operator is
Ho® B - B
p — p-A

where p-A:qg— A(pq).
> lts matrix in the monomial basis (x*),cg, and the dual basis

(d*)acE, is the moment matrix:

E1,E
[HA"52] = (AMx*1P))acE, peE,
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Moment matrices and Hankel operators

>

For A € E* where E = (x*), the moments are A\(x®) € K for
ae ACN.
For E1, E> such that E; - E C E and A € E*, the associated
truncated Hankel operator is

HUVPR B — B

p — p-A

where p-A:qg— A(pq).
Its matrix in the monomial basis (x*),cg, and the dual basis
(d*)acE, is the moment matrix:

E1,E
[HA"52] = (AMx*1P))acE, peE,

If E=K][xy,...,x,], we define the Hankel operator:
Hp i K[x] — K[x]*
p = p-A
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Linear forms “supported” on points
Definition: A is supported on points if Iy = ker Hp is zero-dimensional.
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Linear forms “supported” on points

Definition: A is supported on points if Iy = ker Hp is zero-dimensional.
Properties:
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Linear forms “supported” on points

Definition: A is supported on points if Iy = ker Hp is zero-dimensional.
Properties:

> A is supported on points iff rankHpy = r < co.
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Linear forms “supported” on points

Definition: A is supported on points if [y = ker Hp is zero-dimensional.
Properties:

» A is supported on points iff rankHy = r < oo.
» If A is supported on points, then

/

.
AN p— Z 1, 0i(0x;s - - -, 0x,)(P)
i=1

for some C;- € C" and some differential polynomials #; with
o r =731 dim((95(6)))
o Ve(Ia) ={¢,---.¢r )
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Linear forms “supported” on points

Definition: A is supported on points if [y = ker Hp is zero-dimensional.
Properties:

» A is supported on points iff rankHy = r < oo.
» If A is supported on points, then

/

.
AN p— Z 1, 0i(0x;s - - -, 0x,)(P)
i=1

for some C;- € C" and some differential polynomials #; with
o r =731 dim((95(6)))
o Ve(Ia) ={¢,---.¢r )

» If A'is supported on points, then Ay = R/Ip is a Gorenstein algebra:
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Linear forms “supported” on points
Definition: A is supported on points if [y = ker Hp is zero-dimensional.
Properties:

» A is supported on points iff rankHy = r < oo.

» If A is supported on points, then

/

AN p— Z 1, 0i(0x;s - - -, 0x,)(P)
i=1

for some C;- € C" and some differential polynomials #; with
o r =731 dim((95(6)))
o Ve(Ia) ={¢,---.¢r )
» If A'is supported on points, then Ay = R/Ip is a Gorenstein algebra:

Q Aj = Ap - A (free module of rank 1).

@ (a,b) — A(ab) is non-degenerate in A,.

Q HOInAA(A}kUA/\) =D - A\ where D = Z;:l b; ® w; for (b,’)lgig,— a
basis of A and (wj)igi<, its dual basis for A.
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Positive linear forms

Definition: A € R[x]* is positive if A(p?) > 0 for all p € R[x].
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Positive linear forms
Definition: A € R[x]* is positive if A(p?) > 0 for all p € R[x].

Properties:
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Positive linear forms
Definition: A € R[x]* is positive if A(p?) > 0 for all p € R[x].

Properties:
» A € R[x]* is positive iff Hp = 0.

B. Mourrain Moment matrices for root finding 10 /20



Positive linear forms
Definition: A € R[x]* is positive if A(p?) > 0 for all p € R[x].

Properties:
» A € R[x]* is positive iff Hp = 0.

» If A >= 0 then In = ker Hp, is a real radical ideal.
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Positive linear forms
Definition: A € R[x]* is positive if A(p?) > 0 for all p € R[x].

Properties:
» A € R[x]* is positive iff Hp = 0.

» If A >= 0 then In = ker Hp, is a real radical ideal.

» A supported on points and positive iff A =>"7_; il with 7; >0
and (; are distinct points of R".
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Flat extension
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Flat extension

Theorem (LM’09, BCMT’10, BBCM’11)

Let B, B' be connected to 1 of size r and N\ € (BT - B'")*. The following
conditions are equivalent:

Q there exists a unique element A € R* which extends A and such that
B and B’ are basis of An = R/I.

2]

’ + pr+
rankHB’B :rankHB R

Q@ HY 5" is invertible and the matrices M; = HYiB (HE’B,)*l satisfy

M,’O/\/IJ':MJ'OM,' (].SI,]SH)

In this case, A is supported on points.
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Flat extension

Theorem (LM’09, BCMT’10, BBCM’11)

Let B, B' be connected to 1 of size r and N\ € (BT - B'")*. The following
conditions are equivalent:

Q there exists a unique element A € R* which extends A and such that
B and B’ are basis of An = R/I.

2]

’ + pr+
rankHB’B :rankHB R

Q@ HY 5" is invertible and the matrices M; = HYiB (HE’B,)*l satisfy

M,’O/\/IJ':MJ'OM,' (].SI,]SH)

In this case, A is supported on points.

e If HEE' = 0 then A = 0.
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Roots with no multiplicity
Let f =x9 + fg_1x9" P+ + fy € C[x].

© Compute a generic sequence (hj)o<i<34—3 such that

hatj = —fg—1hg—j—1 —--- = fo hj.
(2] Compute (h;)ogiggd_g =f. (hj) such that hJ’- = 27:1 ihj+;_1 f;.
© Compute the kernel of

Her = (hiyj)o<ij<d—1-
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Roots with no multiplicity
Let f =x9 + fg_1x9" P+ + fy € C[x].

© Compute a generic sequence (hj)o<i<34—3 such that

hatj = —fa—1hg—j—1— - —fo h;.
@ Compute ()o<i<ad—2 = f' - (hj) such that h; =S¢ ih i1 f.
© Compute the kernel of

Her = (hiyj)o<ij<d—1-

1= The polynomial of smallest degree of ker Hys has the same roots as f,
but with multiplicity 1.
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Roots with no multiplicity
Let f =x9 + fg_1x9" P+ + fy € C[x].

© Compute a generic sequence (hj)o<i<34—3 such that

hatj = —fa—1hg—j—1— - —fo h;.
@ Compute ()o<i<ad—2 = f' - (hj) such that h; =S¢ ih i1 f.
© Compute the kernel of

Her = (hiyj)o<ij<d—1-

1= The polynomial of smallest degree of ker Hys has the same roots as f,
but with multiplicity 1.

15 Another way to compute f/ged(f, ') ...
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Roots with no multiplicity
Let f =x9 + fg_1x9" P+ + fy € C[x].

© Compute a generic sequence (hj)o<i<34—3 such that

hatj = —fa—1hg—j—1— - —fo h;.
@ Compute ()o<i<ad—2 = f' - (hj) such that h; =S¢ ih i1 f.
© Compute the kernel of

Her = (hiyj)o<ij<d—1-

1= The polynomial of smallest degree of ker Hys has the same roots as f,
but with multiplicity 1.

15 Another way to compute f/ged(f, ') ...

w Fast algorithm: O(d).
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Real roots of univariate polynomials

Let f =x7 + fy_1x9 71+ + f € R[x].

© Compute a generic sequence (hj)o<ij<24—2 such that
- hgyj=—fg_1hg_j_1—---—fohj and
- Hr» = (hiyj)o<ij<d—1 = 0;

@ Compute the kernel of Hr ..
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Real roots of univariate polynomials

Let f =x7 + fy_1x9 71+ + f € R[x].

© Compute a generic sequence (hj)o<ij<24—2 such that
- hgyj=—fg_1hg_j_1—---—fohj and
- Hr» = (hiyj)o<ij<d—1 = 0;

@ Compute the kernel of Hr ..

1= The polynomial of smallest degree of ker Hr . has the same real roots
as f, with multiplicity 1.
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Real roots of univariate polynomials

Let f =x7 + fy_1x9 71+ + f € R[x].

© Compute a generic sequence (hj)o<ij<24—2 such that
- hgyj=—fg_1hg_j_1—---—fohj and
- Hr» = (hiyj)o<ij<d—1 = 0;

@ Compute the kernel of Hr ..

1= The polynomial of smallest degree of ker Hr . has the same real roots
as f, with multiplicity 1.

1= Numerical algorithm, no good complexity bound yet;
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Example:

b Take f =x* —x3 — x+1=(x—1)?(x>+ x +1).
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Example:

> Take f =x* —x3 —x+1=(x—1)?*(x*+x+1
» Compute a linear form A such that A(x*) = A(x

).
%) +/\( ) —A(1),
A(x5) = A(x3) + A(x2) — A(1), A(x5) = 2A(x3) — A(1

)Y
1 a b c
Ha — a b c c+a-—-1
A= b c c+a—-1 c+b-1
c c+a—-1 c+b-1 2c—1

where a = A(x), b = A(x?), c = A(x3).
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Example:

> Take f = x* —x3 —x+1=(x—1)*(x*+x+1).

). -
1 a b c
Ha — a b c c+a-—-1
A= b c c+a—-1 c+b-1
c c+a—-1 c+b-1 2c—1

where a = A(x), b = A(x?), c = A(x3).
» Find A such that Hp = 0:

Hp =

e e
i
=
el e
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Example:

> Take f = x* —x3 —x+1=(x—1)*(x*+x+1).

). -
1 a b c
Ha — a b c c+a-—-1
A= b c c+a—-1 c+b-1
c c+a—-1 c+b-1 2c—1

where a = A(x), b = A(x?), c = A(x3).
» Find A such that Hp = 0:

Hp =

e e
i
=
el e

» Compute its kernel: (x —1,x% — x, x> —x2,...).

B. Mourrain Moment matrices for root finding

15 / 20



Solving exponential polynomials
Given fup,... uy)= Z;’Zl N el viat e ttnYin — Z’le )"Cﬁll ce. CIL:,;'I (Ci,j = i),
find the points ({j1,...,(in) € C"and \je Cfori=1...,r.
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Solving exponential polynomials
Given fup,... uy)= Zle NjeinYiattunYin — Z’le )"Cﬁll ce. CIL:,;T (Ci,j = i),
find the points ({j1,...,(in) € C"and \je Cfori=1...,r.

© Find sets of monomials B; = {xﬁl, . ,xﬁf},
B, = {XB{,.. .,XB;} = {1,X1,X2,...} C N" s t.

HfBl,Bz — (f <,3i 4L 'Bj>>1<iJ<r is invertible;
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Solving exponential polynomials
Given fup,... uy)= Zle A\jetvintFunYin — Z’le )\’ijll .. Clljrrlr (Ci,j = i),
find the points ({j1,...,(in) € C"and \je Cfori=1...,r.

© Find sets of monomials B; = {xﬁl, . ,xﬁf},
B, = {X’B{,.. .,Xﬁi} = {1,X1,X2,...} C N" s t.
HEVE2 — (f (ﬁ,- n ﬁf.)) is invertible;
1)) 1<ij<r
@ Compute the generalize eigenvalues (; 1 and eigenvectors v; of
HBth B> HBl,Bz .
(He ™72 HE ™)

B. Mourrain Moment matrices for root finding 16 / 20



Solving exponential polynomials

Given f(ul, ey Un) = Z;:l )\,'eulfy"’l-"_m-"_u"’y"‘" = Z;:l )\,Clljll .- C;:';, (Ci,j = eV"J),
find the points ({j1,...,(in) € C"and \je Cfori=1...,r.

@ Find sets of monomials By = {xﬁl, ... ,xﬁf},
B, = {X’B{,. .. ,XB;} = {1,X1,X2, o0 } C N" s t.
HfBl,BZ — (f (ﬁ; + ﬁf{>>1<' ~is invertible;
<iy<r
@ Compute the generalize eigenvalues (; 1 and eigenvectors v; of
Bi,x1 By 1B1,Bay.
(Hflxl 27Hf1 2),
© Deduce from w; = HfBl’B2 vi=w;1[1,{1,Ci2,...] the coordinates
City---,Gin of the “roots”.
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Solving exponential polynomials

Given f(ul, ey Un) = Z;:l )\,'eulfy"’l-"_m-"_u"’y"‘" = Z;:l )\,Clljll .- C;:';, (Ci,j = eV"J),
find the points ({j1,...,(in) € C"and \je Cfori=1...,r.

@ Find sets of monomials By = {xﬁl, ... ,xﬁ'},
B, = {X’B{,. .. ,XB;} = {1,X1,X2, o0 } C N" s t.
HfBl,BZ — (f (ﬁ; + ﬁf{>>1<' ~is invertible;
<iy<r
@ Compute the generalize eigenvalues (; 1 and eigenvectors v; of
Bi,x1 By 1B1,Bay.
(Hflxl 27Hf1 2),
© Deduce from w; = HfBl’B2 vi=w;1[1,{1,Ci2,...] the coordinates
City---,Gin of the “roots”.

(Generalized Prony’s method)
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Example

> Let f(ul, U2) =14 2utu2 4 3uz
» Take B = {1, xy,x} (or {(0,0),(1,0),(0,1)}).

£(0,0) £(1,0) f£(0,1) 3 6 4
HPE = | f(1,0) f(2,0) f(1,1) |=|6 14 8
£(0,1) f(1,1) f(0,2) 4 8 6
6 14 8
HZ™B =1 14 36 18
8 18 12
» Compute the generalized eigenvectors for the eigenvalues (1,2, 3)
2 -1 o0 111
V=1 -1/2 0 1/2 |andHPPVv=|1 2 3
-1/2 1 —1/2 121

» This yields the roots (1,1),(2,2),(3,1).
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Real radical computation
Let F ={f1,...,f} C R[x].
Let SCR=R[x]with1eS, GC(5-5), and

Lscy ={Nc(S-S)*|Ng) =0, Vg € G and A(p?) >0, Vp € S}.
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Real radical computation
Let F ={f1,...,f} C R[x].
Let SCR=R[x]with1eS, GC(5-5), and

Lscy ={Nc(S-S)*|Ng) =0, Vg € G and A(p?) >0, Vp € S}.

Repeat
© Compute a rewriting family G C (F) and choose S in a basis for G;
@ Compute a generic element A* of L5 ¢ .;
© Compute ker H,f;s and add its generators to F;
© Update the rewriting family G of F;
until ker Hy« = {0} and G is a border basis for B = S.
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Let F ={f1,...,f} C R[x].
Let SCR=R[x]with1eS, GC(5-5), and

Lscy ={Nc(S-S)*|Ng) =0, Vg € G and A(p?) >0, Vp € S}.

Repeat
© Compute a rewriting family G C (F) and choose S in a basis for G;
@ Compute a generic element A* of L5 ¢ .;
© Compute ker H,f;s and add its generators to F;
© Update the rewriting family G of F;
until ker Hy« = {0} and G is a border basis for B = S.

== Computation of A* by solving of a SDP problem by an interior point
method (SeDuMi, CSDP, SDPA, ...)

1= Applies for zero-dimensional real radical.

w Qutput a border basis of §/(F).
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Bezoutian

> fbaﬁ?"’7fn€R:K[X]_,...,Xn]:K[X].
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Bezoutian

v

fo,f,...,fh € R=K][x1,...,x,] = K[x].
R®R=K[x1,...,%Xn¥1,-.-,¥a] = K[x,y].

Xoy = (x1,- -, xn), Xy = (v, x2 -, Xn)s -+ Xy = (V15 -+ -5 Vi)
8i(P) = P(Xi)=P(Xi-1)

Yi—Xi

v

v

v
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Bezoutian

> fo,f,...,fn € R=K][xq,...,x,] = K[x].
» ROR=K[x1,...,%Xn¥1,-.-,¥n] = K[x,y].
> X(O) = (Xl,...,Xn), X(]_) = (yl,XQ...,Xn),..., X(n) = (yl,...,yn).

> 0i(P) = P T =),

Bezoutian polynomial:

fo(X0)) O1(fo) -+ 9In(fo)

Ofy fiyfy = : : L =D Oap xy’
fo(X0)) O1(fn) -+ Onlfn) B
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Bezoutian

> fo,f,...,fn € R=K][xq,...,x,] = K[x].
» ROR=K[x1,...,%Xn¥1,-.-,¥n] = K[x,y].

> X(O) = (Xl,... ,Xn), X(]_) = (yl,XQ...,Xn),. R X(n) = (yl,... 7}/n)-

_ P(Xiy)—-P(Xi-1)
o Yi—X; )

> 9;(P)

Bezoutian polynomial:
(X)) () -+ (o)
Ofy fiyfy = : : L =D Oap xy’
fo( X)) O1(fa) -+ On(fa) P

Bezoutian matrix: By ¢ = Bf, = (0a,8)a.8-
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Reduction
Apply the pencil reduction algorithm applied to [Bi, By, - - ., B,] in order
to obtain matrices
[Ao, A1,..., 7]
such that
- /g inversible,
- Aj(x,y) = x; Ao(x,y) mod I(x) =y Ao(x,y) mod I(y). )
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to obtain matrices
[Ao, A1,..., 7]
such that
- /g inversible,

- Aj(x,y) = x; Ao(x,y) mod I(x) =y Ao(x,y) mod I(y).

Let Iy be the intersection of primary components of the isolated points of
I =(f,....1).
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Apply the pencil reduction algorithm applied to [Bi, By, - - ., B,] in order
to obtain matrices

[Ao, A1,..., 7]
such that

- /g inversible,
- Aj(x,y) = x; Ao(x,y) mod I(x) =y Ao(x,y) mod I(y).

Let Iy be the intersection of primary components of the isolated points of
I =(f,....1).

1= Bezoutian conjecture: The matrices M; = AEIA,- are the matrices of
multiplication by x; in the basis B of R/ly where B is the set of monomials
indexing the columns of Ay.

(conjecture in [C'95], proved under some hypothesis on B in [M'05]).
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multiplication by x; in the basis B of R/ly where B is the set of monomials
indexing the columns of Ay.

(conjecture in [C'95], proved under some hypothesis on B in [M'05]).

1= The flat extension theorem applies to a 7 € R* such that H; = A
(another proof of the conjecture).
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Reduction
Apply the pencil reduction algorithm applied to [Bi, By, - - ., B,] in order
to obtain matrices

[Ao, A1,..., 7]
such that

- /g inversible,
- Aj(x,y) = x; Ao(x,y) mod I(x) =y Ao(x,y) mod I(y).

Let Iy be the intersection of primary components of the isolated points of
I =(f,....1).

1= Bezoutian conjecture: The matrices M; = AEIA,- are the matrices of
multiplication by x; in the basis B of R/ly where B is the set of monomials
indexing the columns of Ay.

(conjecture in [C'95], proved under some hypothesis on B in [M'05]).

1= The flat extension theorem applies to a 7 € R* such that H; = A
(another proof of the conjecture).

1= The linear form 7 extending 7 is the residue of fi, ..., f,.
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